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I. 
Let X be a real Banach space containing a closed solid cone K, that is, 
a closed subset K with the properties (i) K + KC K, (ii) XC K for all 
X >, 0, (iii) K n --K = {0}, and (iv) &, the interior of K, is not empty. The 
relations ,< and < are defined in X in the usual way by saying that x ,( y  
and x < y  if and only if (y - x) E K and (y - X) E A?, respectively. 
In this note we consider an ordinary differential equation 
with solutions remaining in & for 01< t < W. Our aim is to prove a projective 
uniqueness theorem similar to the result obtained in [4] for linear systems 
with solutions in the positive orthant in R R. However the method used in [4] 
fails when the cone is not finitely generated. 
The proofs involve Hilbert’s projective metric in k, a technique used 
recently by Birkhoff [l-3] and Kotin [2, 31. It is of some interest that the 
metric can be used in nonlinear problems, although it is clear that a homo- 
geneity condition is necessary. The results follow from a theorem of Walter 
[6] on differential inequalities in an ordered Banach space. 
We will suppose henceforward that f  has the following properties: 
(i) f :  (01, w) x B-t Is, 
(ii) f  is monotone nondecreasing in & for each fixed t in (01, w), 
(iii) fis positive homogeneous in &, that is, if h > 0 and if 0 < X, then 
f(t, Ax) = Af(t, x) for each fixed t in (OL, w). 
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(iv) f(t, X) is continuous in t for fixed x and satisfies a Lipschitz condi- 
tion in x in any compact subset of the form 
E = [a, b] x F C (OL, w) x k 
THEOREM 1.1. Let f have properties (i)-(iv) ubooe and let x( -) and y( .) be 
continuously differentiable positive solutions of (1.1). Then 
4-+), r(t)) G dW9 Y(S)), (1.2) 
for 01 < s < t < w, where d(., *) is Hilbert’s projective metric in I? (defined 
below in Section 2). 
Using the inequality (1.2) we can prove the following “projective unique- 
ness theorem.” 
THEOREM 1.2. Let f have properties (i)<iv) above and let x( *) and y(a) be 
continuously diSferentiable positive solutions of 
3i = -f(t, x) (a < t < w). (1.3) 
If  x(t) = {A + o(l)) r(t) 6% t t w where X > 0, then x(t) = Ay(t) for (Y < t < w. 
EXAMPLE. The differential equation 
ym + (y2 + y'2 + y~2)lP = 0, (1.4) 
yields the system 
x2 
{x1" + x27+ x32)1/2 ' 
(1.5) 
where x1 = y, x2 = -y’ and xs = y”. 
We note that y(t) = eat is a solution of Eq. (1.4) provided that 
ors + (1 + 012 + 014)1/s = 0. 
If  (Y is the (unique) negative root of 
then x = (eat, --(yeat, a2eat) is a positive solution of (1.5) for -cc < t < co, 
where K is the positive orthant in 113. 
It follows from Theorem 1.2 that if y(.) is a solution of (1.4) such that 
y  > 0, y’ < 0 and y” > 0 (-co < t < co) and if y(t) - Aeat, y’(t) - orheat 
and y”(t) N a2heot as t t co, then y(t) = heat for -co < t < 00. 
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2. 
First we define Hilbert’s projective metric in &; let 
M(x/y) = inf{h: x < Xy}, 
and 
for x, y E 8; then 
m(x/y) = SUP{P: PY < 4, 
It can be shown that {&, d} is a pseudometric space and that d(x, y) = 0 
if and only if x = hy for some positive h (see [5]). 
LEMMA 2.1. Let T be a monotone nondecreasing positive homogeneous 
mapping of 2 into k Then 
for all x, y  E Il. 
4% T’y) < 4x, y), 
The lemma follows from Theorem 3. I of [5]. 
To prove inequality (1.2) we need to show only that Lemma 2.1 applies to 
the evolution operator Tt*8 associated with Eq. (1.1). The existence of Tt*S 
is guaranteed by property (iv) off. It follows from (i) and (ii) that TtvS: I? -+ k 
for 01 < s < t < w and from (iii) that Tt** is a positive homogeneous mapping. 
It remains to show that if 0 < x(s) <y(s), then 
Tts8x(s) = x(t) <y(t) = Tt+“y(s), 
for 01 < s < t < W. But this follows immediately from the theorem of Walter 
in [6], and the proof of Theorem 1.1 is complete. 
3. 
We turn to the proof of Theorem 1.2. A simple change of variable, t * = -t, 
transforms Eq. (1.3) into 
&x =f(-t*,x), (-cd < t* < -a), 
and invoking Theorem 1.2 and returning to the original variable we obtain 
4x(s), Y(S)) d 4x(t), r(t)), (3-l) 
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for a < s < t < CO. Letting t t w in (3.1) we find that d(x(s), y(s)) = 0 for 
a < s < w, since x(t) - Ay(t) as t t CO. It follows that x(t) = h(t) y(t) for 
a<t<w. 
Since ff # .CZ and K # X, there exists a continuous linear functional C# 
which is positive on k Therefore, A(t) = {4(y(t))/r&(t))} and it follows 
easily that A exists in (a, w) and that 
x = 1% - NY) 4w [I#)]” 1= 0, 
since 9 =f(t, x) =f(t, hy) = Aj. Therefore, A(t) = h in (a, W) and the 
proof is complete. 
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